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We concentrate attention on non-negative absolutely continuous random
variables with a Schur-constant joint survival function. Such a property defines a
special case of exchangeability, corresponding to a multivariate no aging condition,
in a Bayesian set-up. In the longitudinal observation of our random variables,
the pair (Number of failures, Total time on test) is a Markov process which has
a central role. Our main result result shows that such a process is stochastically
increasing if and only if the variables are WBF (Weakened By Failure).  1996
Academic Press, Inc.
1. Introduction
We consider n non-negative absolutely continuous random variables
T1 , ..., Tn , which will be interpreted as life times of n similar units U1 , ..., Un
and suppose that the joint survival function of T1 , ..., Tn is Schur-constant,
i.e., for a suitable function , : R+  [0, 1],
F n(t1 , ..., tn)#P(T1>t1 , ..., Tn>tn)=, \ :
n
i=1
ti+ , t#(t1 , ..., tn) # Rn+.
(1.1)
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, must, of course, satisfy some obvious properties in order to let F n(t) be
actually a joint survival function (see [4]). It is worthwile remarking that
, has the meaning of unidimensional survival function: ,(t)#P(Ti>t),
i=1, ..., n. The property in (1.1) defines an interesting special case of
exchangeability [6], corresponding to a multivariate no aging condition, in
a Bayesian setup (see [2, 11]); indeed, it is equivalent to the condition
P(Ti&si>{T1>s1 , ..., Ti>si , ..., Tn>sn)
=P(Tj&sj>{T1>s1 , ..., Tj>sj , ..., Tn>sn) (1.2)
for any {>0, for any possible vector of ages (s1 , ..., sn) # Rn+ and for i{ j.
Equation (1.2) says that, conditionally on an event of the form
(T1>s1 , ..., Tn>sn), the residual life times (Ti&si) of different surviving
units have the same conditional distribution, even if the units have different
ages si .
Let us denote by T(1) , ..., T(n) the order statistics of T1 , ..., Tn
(T(1)< } } } <T(n)). Think now of a life-testing experiment in which
U1 , ..., Un are new and start working at time 0. As time elapses, the units
progressively fail and we suppose can observe all the failure times; in other
words, we observe the evolution of the counting process
Ht= :
n
i=1
1(Tit) .
Ht represents the number of failures up to time t.
The process Ht=[T(1) 7 t, ..., T(n) 7 t] describes the information we
collected by observing Hs in the time-interval 0st. The last n&Ht
coordinates of Ht being equal to t, puts us in a position to describe the
same information by means of the process:
Dt=[Ht ; T(1) , ..., T(Ht) ; t]. (1.3)
For our purposes Dt turns out to be more convenient, from a notational
point of view, to describe the evolution of our life-testing experiment and
it will be referred to as the history process. The state space of Dt is
D#[dt dt=(h; t1 , ..., th ; t), h # [0, 1, ..., n], 0<t1< } } } <tht]. (1.4)
Note that Dnh=0 [h]_R
h+1
+ .
We shall also consider the processes Kt and Yt , where
Kt=n&Ht= :
n
i=1
1(Ti>t)
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is the number of surviving units at time t, and Yt is the total time on test
process:
Yt= :
n
i=1
min(Ti , t)=T(1)+ } } } +T(Ht)+Ktt.
Consider now the two-dimensional process
Zt=(Kt , Yt) (1.5)
which takes values on the set E#[0, 1, ..., n]_[0, +).
Under (1.1), the process Zt is of interest in that the joint conditional dis-
tribution of the residual life times depends on Dt only through the process
Zt , as it will be discussed in Section 2. In statistical terms, this amounts to
state that the pair (Kt , Yt) (or, equivalently, (Ht , Yt)) summarizes the
whole statistical information obtained in testing the units in the time inter-
val [0, t]. Such a property will imply the Markov property of Zt . The
above argument will be treated in Section 2, where an analysis will be
carried out of the conditional distribution of the residual life times,
given Dt .
In [5] it was shown that, when T1 , ..., Tn are conditionally i.i.d.
exponentially distributed (i.e., when ,(u)=0 exp[&%u] d6(%)), Zt is
stochastically increasing and that such property is relevant in the optimal
stopping problem for the life-testing experiment. In Section 3 we will prove
that, under (1.1), Zt stochastically increasing is equivalent to a number of
different interdependence properties of T1 , ..., Tn , among which, in par-
ticular, the property of WBF (weakened by failures [8]). We will conclude
Section 3 with a short discussion aiming to illustrate our result and to
enlighten some of the intricate relations between multivariate dependence,
aging, and stochastic ordering results, in the special framework of Schur-
constant distribution.
2. Behaviour of the Residual Life-Times under (1.1)
Think of a life-testing experiment in which the history process Dt of the
form (1.3) is observed. Let us denote by St the vector of the residual life
times of the Kt=n&Ht units surviving at time t. In this section we study,
under (1.1), properties of the conditional distribution of St given Dt and
related properties of the process Zt , which has been defined by (1.5). It will
be made clear that Zt is a Markov process and that also the conditional
survival function of St is Schur-constant.
155wbf in the schur-constant case
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Consider a statistical observation
Dt=dt#[h ; t1 , ..., th ; t],
where h<n and t1< } } } <tht. Given the event [Dt=dt], the distribu-
tion of St coincides, due to exchangeability, with the conditional distribu-
tion of a random permutation of T(h+1)&t, ..., T(n)&t, given [Dt=dt];
some elementary computations show that for every vector a # Rn&h+
P(St>aDt=dt)=
, (h)(hi=1 ti+(n&h) t+
n&h
i=1 ai)
,(h)(hi=1 ti+(n&h) t)
, (2.1)
where ,( j) denotes the j th-order derivative, j=1, ..., n, which certainly exists
by the assumption that the joint distribution of T1 , ..., Tn is absolutely con-
tinuous. Equation (2.1) entails that the conditional joint survival function
of St depends on dt only through the values h and y=hi=1 ti+(n&h) t,
so that we can write
[St Dt]=st [St Zt]. (2.2)
By exchangeability of T1 , ..., Tn , their common multivariate conditional
hazard rate (see [9]) does not depend on the identity of the surviving units
so that it can be written as
*(tdt)=
1
n&h
lim
$t a 0
1
$t
P(T(h+1)t+$tDt=dt).
Equation (2.1) yields
*(tdt)=lim
$t a 0
1
$t \1&
,(h)( y+$t)
,(h)( y) + ;
i.e.,
*(tdt)#* (h, y)=&
,(h+1)( y)
, (h)( y)
. (2.3)
It can be easily shown that (&1)h,(h)0 [4, Proposition 2.1], whence
* (h, y)= &
d
dy
log | ,(h)( y)|. (2.4)
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For every s>0, Zt+s depends on Zt and on the behaviour of the residual
lifetimes at time t. Indeed denoting by Sit , i=1, ..., Kt , the i th coordinate
of the vector of the residual lifetimes, St , we have
Kt+s= :
Kt
i=1
1[T(n&Kt+i)&t>s]= :
Kt
i=1
1[S it>s] (2.5)
and
Yt+s= :
n
i=1
min[T(i) , t+s]=Yt+ :
Kt
i=1
(min[T(n&Kt+i) , t+s]&t)
=Yt+ :
Kt
i=1
min[T (n&Kt+i)&t, s];
i.e.,
Yt+s=Yt+ :
Kt
i=1
min[Sit , s]. (2.6)
Since Ft=_(Zs ; 0st)=_(Dt), by (2.2) it follows that the process
[Zt]t0 is a natural Markov process and the multivariate conditional
hazard rate * ( } , } ) allows us to find its infinitesimal generator:
Proposition 2.1. Zt=(Kt , Yt) is a homogeneous natural Markov pro-
cess with infinitesimal generator of the form Av(0, y)=0 and for k>0
Av(k, y)=k {v(k, y)y +* (n&k, y)[v(k&1, y)&v(k, y)]= , (2.7)
where v: [0, 1, ..., n&1]_(0, ) _ [n]_[0, )  R is such that
(y) v(k, y) exists for every k>0.
Proof. Let (k, y) be the state of the process Zt at time t and consider
the possible transitions in an elementary time interval 2t. The transitions
to the states (k, y+k2t) and (k&1, y+(k&1) 2t) happen with
probabilities
1&* (n&k, y) k 2t, * (n&k, y) k 2t, (2.8)
respectively; the remaining transitions have probabilities which are
infinitesimal of higher order with respect to 2t. Whence it immediately
follows that the infinitesimal generator
Av(k, y)# lim
2t a 0
1
2t
[E[v(Kt+2t , Yt+2t) | Kt=k, Yt= y]&v(k, y)]
takes the form (2.7). K
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Let us come now to point out further properties of the residual lifetimes.
Conditional on [Zt=(k, y)] (where obviously k>0) the distribution of
the k-dimensional vector St is exchangeable and Schur-constant: (2.1) can
be rewritten in the form
P(St>aZt=(k, y))=k, y \ :
k
i=1
ai+ ,
where a # Rk+ and
k, y(!)=
,(n&k)( y+!)
,(n&k)( y)
. (2.9)
The multivariate conditional hazard rate of the (conditional) distribution
of St given [Zt=(k, y)] is readily obtained by putting k, y( } ) in place of
,( } ) into formula (2.3). This yields a multivariate conditional hazard rate
of the form
+^k, y(l, w)# &
,(n&k+l+1)( y+w)
,(n&k+l)( y+w)
=* (n&k+l, y+w), (2.10)
where l<k and w0.
3. WBF Property and Equivalent Conditions for the
Stochastic Monotonicity of Zt
In this section we want to show, under (1.1), some relations between
interdependence and aging properties of the joint distribution of T1 , ..., Tn
and monotonicity properties of the process Zt . In particular, our result will
show the equivalence between the concept of stochastic monotonicity of Zt
and the WBF (weakened by failures) property of T1 , ..., Tn . Let us first
recall the definitions of the concepts we are going to use.
X is stochastically smaller than Y iff for any (coordinate-wise) non-
decreasing function g : Rm  R it results
E[ g(X)]E[ g(Y)]
provided such expectations exist. This will be written Xst Y.
Let dt=(h; t1 , ..., th ; t) and d $t=(h$; t$1 , ..., t$h$ ; t) be two histories belong-
ing to D (see (1.4)). Specializing the definition given in [9], we say that dt
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is less severe than d $t , and we will write dtd $t , if hh$ and we can extract
h times t$i1 , ..., t$ih from the failure times [t$1 , ..., t$h$] of d $t such that
t$ijtj , j=1, ..., h.
Let now X and Y be two m-dimensional exchangeable vectors of lifetimes
with absolutely continuous distribution and let 'X and 'Y denote the multi-
variate conditional hazard rates of X and Y, respectively. Then X is less
than Y in the multivariate hazard rate ordering, denoted by Xh Y, iff
'X (td $t)'Y (tdt) whenever dtd $t .
It is well known (see [10]) that
Xh Y O Xst Y. (3.1)
The multivariate hazard rate ordering is not reflexive in general. If Xh X,
then X is HIF (hazard increasing upon failures).
Now, we recall the definition of WBF (Norros [8]; see also Shaked and
Shanthikumar [10]). T1 , ..., Tn are WBF if for any i,
[ST(i) DT(i)]st [ST(i) DT&(i)] a.s.
The process Zt=(Kt , Yt) is said to be stochastically increasing if for
every pair (k, y), (k$, y$) # [1, ..., n]_[0, ), such that kk$, yy$ and
for every t, s>0 it results:
[Zt+s Zt=(k, y)]st [Zt+s Zt=(k$, y$)]. (3.2)
Let us now adapt the above definitions to our special situation.
If the distributions of both X and Y are Schur-constant, by (2.3), the
multivariate conditional hazard rates 'X and 'Y do not depend on t,
depending on the history dt=(h; t1 , ..., th ; t) only through h and
y=hi=1 ti+(n&h) t, so that in our special case Xh Y if for h, h$ #
[0, 1, ..., n&1] and y, y$0,
'X (h$, y$)'Y (h, y) whenever h$h, y$ y. (3.3)
Furthermore, a vector of life-times X, with multivariate conditional hazard
rate ', is HIF iff
'(h$, y$)'(h, y) whenever h$h, y$ y. (3.4)
Moreover, by (2.2), the WBF property here reduces to
[ST(i) ZT(i)]st [ST(i) ZT &(i)] a.s.
159wbf in the schur-constant case
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and, since KT &(i)=KT(i)+1 and YT &(i)=YT(i) , we can rewrite it in the form
[St Zt=(k, y)]st [S t Zt=(k+1, y)] (3.5)
for every k # [1, ..., n&1] and t, y>0.
We are now ready to prove our result.
Theorem 3.1. Let T1 , ..., Tn be life-times with an absolutely continuous
Schur-constant survival function F n( } ). The following conditions are equivalent:
(i) T1 , ..., Tn are WBF ;
(ii) for every h # [0, 1, ..., n&1], |,(h)( y)| is log-convex ;
(iii) * (h, y) is non-decreasing in h and non-increasing in y ;
(iv) for every (k, y) and (k$, y$) such that 1kk$n and
0 y y$,
[St Zt=(k, y)]st [St Zt=(k$, y$)];
(v) Zt is stochastically increasing.
Proof. We shall prove (i) O (ii) O (iii) O (iv) O (v), (iv) O (i), (v) O (ii).
(i) O (ii). If T1 , ..., Tn are WBF then, in particular, for every a>0
P(T&t>aZt=(n&h, y))P(T&t>aZt=(n&h+1, y)), (3.6)
where T&t denotes the residual lifetime of a unit survived up to t in both
the conditioning events. By using (2.1)
,(h)( y+a)
,(h)( y)

,(h&1)( y+a)
,(h&1)( y)
for every y, a # R+ and h # [1, ..., n]. Since (&1)h, (h)0, we can write
&
,(h)( y+a)
,(h&1)( y+a)
&
,(h)( y)
,(h&1)( y)
,
whence &(ddt) log |,(h&1)( y)| is non-increasing. Note that (3.6) and (ii)
are actually equivalent.
(ii) O (iii). From the equivalence between (ii) and (3.6) we can write
lim
$ a 0
1
$
P(T&t$Zt=(n&h, y))
lim
$ a 0
1
$
P(T&t$Zt=(n&h+1, y));
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i.e.,
* (h, y)* (h&1, y).
Moreover, by (2.4) it is immediate that * (h, y) is non-increasing in y.
(iii) O (iv). Let +^k, y be the multivariate conditional hazard rate of
[St Zt=(k, y)]. Let k, k$ # [1, 2, ..., n] and y, y$0 be such that kk$
and yy$. By recalling formula (2.10), for l1l2 and w1w2 one has
+^k, y(l1 , w1)=* (n&k+l1 , y+w1)* (n&k$+l2 , y$+w2)=+^k$, y$ (l2 , w2).
Thus, by (3.3) we obtain [St Zt=(k, y)]h [St Zt=(k$, y$)] and by (3.1)
the statement holds.
(iv) O (v). Let g : E  R be a (coordinate-wise) non-decreasing func-
tion. For every fixed s>0, by (2.5) and (2.6), Zt+s is non-decreasing in St
and Zt , so that we can write
g(Zt+s)#\s (St , Zt)
for a suitable function \s (u, z), non-decreasing both in u and z. Therefore,
E[ g(Zs)Zt=(k, y)]=E[ \s (St , Zt)Zt=(k, y)]
E[ \s (St , (k$, y$))Zt=(k, y)]
E[ \s (St , (k$, y$))Zt=(k$, y$)]
=E[ \s (St , Zt)Zt=(k$, y$)]
=E[ g(Zt+s)Zt=(k$, y$)].
(iv) O (i). It is immediate; (3.5) is just a particular case of (iv).
(v) O (ii). If Zt is stochastically increasing then, in particular, for every
elementary time interval 2t>0, yy$, and k # [1, 2, ..., n]
P(Kt+2t>k&1Zt=(k, y))P(Kt+2t>k&1Zt=(k, y$)).
Note that both sides of the above inequality are conditional probabilities
of no jumps of the process Kt in an elementary time interval 2t; by taking
into account the transition probabilities (2.8), one has
1&* (n&k, y) } k 2t+o(2t)1&* (n&k, y$) } k 2t+o(2t);
i.e. the multivariate conditional hazard rate is non-increasing in y and, by
(2.4), (ii) follows. K
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We now conclude the paper with a short discussion illustrating the
above result.
As well known from the literature, there is a wide interest in studying
implications between different concepts of dependence and in analyzing
relations between concepts of dependence and of aging. The very special
structure of Schur-constant distributions (namely that they are characterised
by means of only their unidimensional marginal) gives rise to some very
strong particular results in this direction.
First of all we point out that, in general, HIF implies WBF. However,
under (1.1), the two concepts turn out to be equivalent; indeed HIF
reduces to (3.4) which is nothing but (iii) of Theorem 3.1.
In its turn WBF, in general, implies association [10] and then positive
upper orthant dependence (PUOD), i.e.,
P(T1>t1 , ..., Tn>tn) `
n
j=1
P(Tj>tj).
This, in the Schur-constant case, becomes
, \ :
n
j=1
tj+ `
n
j=1
,(tj)
which is immediately seen to be equivalent to the property of NWU (new
worst than used ) [3] for the one-dimensional marginal distribution,
P[Ti>tTi> y]P[Ti>t] \t, y0.
As a matter of fact, in the absolutely continuous Schur-constant case,
WBF implies the stronger unidimensional aging property of DFR (decreas-
ing failure rate) [3]; indeed, it results in
r( y)# lim
$  0+
P[Ti< y+$Ti> y]
$
= lim
$  0+
,( y)&,( y+$)
$,( y)
= &
,$( y)
,( y)
which, under the condition WBF, is decreasing by Theorem 3.1 (similarly,
one can see that, under (1.1), by reversing the inequality in (3.5) one gets
the increasing failure rate property, which in its turn implies the new better
that used [3] property and that, on the other hand, the latter is equivalent
to upper orthant negative dependence).
As far as ``multidimensional'' properties of aging are concerned, note that
the concept of MIFR (multidimensional increasing failure rate), introduced
in [1], in the Schur-constant case would reduce to
[St Zt$=(k$, y$)]st [St Zt=(k, y)] for tt$, kk$, y y$
162 caramellino and spizzichino
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which, in particular, would imply * (h, y) increasing in y for every k. On the
other hand, MIFR in general implies WBF [8], so Theorem 3.1 shows that
MIFR is compatible with (1.1), only in the extreme case ,(t)#exp[&*t]
(i.e., T1 , ..., Tn , i.i.d.).
We finally note that k, y defined in (2.8) is strictly related to the residual
prediction process introduced in [8]. In this view our result that WBF
implies stochastic monotonicity of Zt can be seen as a specialization of
Theorem 3.7 in [8]. It is interesting to remark that, in our special case,
also the reverse implication holds.
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